1. Introduction. Let Hk be the space of polynomials of degree not greater than 2ft+l, and let f=p+w, where p is in Hk and w is a sample function from a stationary random process with zero mean and spectral density \p(8). We study the problem of filtering / to obtain estimates of p and its derivatives.
Consider the polynomial weighting functions The mean value of gi(x) is given by (2) E\gt(x)] = f uik(y)p(x + y)dy = #<«>(*), and its random component is m(x) = I uik(y)w(x + y)dy.
The second equality in (2) follows from the well-known reproducing property of the kernel It is also known that if the process w is white noise, (that is, if inconstant), then g{(x) is the minimum variance estimate of p{2i){x).
Similarly, Since .Sm(<£) =0, we can infer (21) by comparing this system with (13) (with 6=<f>), noting that the solution of the latter is unique, and using Lemma 2.
To derive (22), let Ck+i,k+i(v) =0. Use (12) with ft replaced by ft + 1 and 6 = 7), and Lemma 2, to conclude that We can now complete the proof of Theorem 2, by induction. Assume that ft =gl, and that Theorem 2 holds for ft-1. This is so if ft = l, from Theorem 1. Let <p be a nonzero critical point of 8~2idk(8), and divide both sides of (21) by </>2i_1 to obtain -</>-2<C,*fa) = <r2i+IS.-i.*-i(4>), 1 g i g ft.
From the induction assumption, it now follows that |0-2«C,*(0)| <1, 1 <i^k, if 8=<j>, a nonzero critical point of 8"2idk{8), and therefore the inequality holds for all 09^0. (The inequality with i = 0 does not follow from this argument, but it has already been established in Theorem 1.) Now let 77 be a nonzero critical point of d~2i~1Sfk(8), and divide both sides of (22) by t}2i to find that V^'-'Sikiv) = V^Cikiv), O^i^k.
We have just established that the right side is less than unity in magnitude. Hence (8) holds for 8 = r), and therefore for any 89*0. The limits (9) are obtained by expanding (4) and (7) in powers of 8, integrating term by term, and noting that /uik(x)x2'dx = {2i)\5ij, -1 f vik(x)x2*Hx = (2i + l)!5l7, 0 ^ i,j ^ ft.
